1. The fundamental ideas of the generalized Fourier transform have been presented by S. Bochner [l; 2], for functions which are either locally integrable or locally square integrable. A parallel line of thought has been followed by N. Wiener [7] and H. R. Pitt [4] in their theory of generalized harmonic analysis. While the parts of the Wiener theory which are connected with the idea of the generalized Fourier transform do not treat functions which are as large at infinity as those treated by Bochner, they do come closer to giving a theory for Lp integrability than does Bochner (see [4] ). More recently L. Schwartz [5] has given a treatment of the generalized Fourier transform by quite different methods.
One of the weak points of the theory has been the lack of satisfactory inversion formulas, particularly for the generalized transform of order greater than one. The main part of this paper is devoted to showing that by the use of Abelian summability, the generalized Fourier transform may be inverted in the metric of the proper function space.
The last part of the paper attempts to unify some of the ideas of generalized harmonic analysis and the generalized Fourier transform and to present a generalization of a well known theorem of Titchmarsh ^6, Theorem 74]
The function space Lj, l^p< oo, consists of those functions for which the norm (1) (fl\fi*)\>d*+f \f-^-\Pdx)llP=\\f\\ is finite. It is easily seen that this is a norm. 1, |-*| £ 1.
Then Lk" consists of those functions for which the norm, there is a 5i such that (4) | /(* + 5) -/(*) | Kk(x) < e for all | 5 | < Si and all x.
It will be convenient to introduce a somewhat weaker topology in the space L\ than that given by (3). We shall say/"(x) converges to/(x) in the u topology of L\ as n->°° if, given any h(x)^L°u
then it has a generalized £th Fourier transform defined by £(*-*}=-&&LK w{eixt~Lk{u x)]dt where
.0, / > 1.
(The special case 1 <p^2 where functions in Z,*-1 have a generalized (k -1) Fourier transform will be treated in §3.) 2. The first problem is to invert (6.) The final inversion result is contained in Theorem 3 which shows the inversion exists in the sense of the metrics defined above. Let
This can be proved by a direct if somewhat involved computation. One need only substitute (6) in (7), interchange order of integration, and evaluate.
Several lemmas will be useful in the proof of the inversion theorem.
is a continuous function of u and r(0) =0.
Proof. This is an easy generalization of the classical theorem k = 0 (see
Lemma 2.
< ± f°° B(s, e, t)Kk(t)dt v J-" (s-t)* + e* Proof. We need only show that if <j>(t)=l, then ^,(j)sl. If we take the 1st generalized transform 22(1, x) of <f>(t) = l we find /7r\1/2 £(1> *) = I -J ) sgn x.
Computing <p,(s) for this we find 1 /•" 0«(j) =-I e-"*e-'MdE(l, x) = 1.
Integrating by parts k times, equation (7) is obtained with <j>t(s) = l. The use of Theorem 1 then proves the lemma.
Lemma 3. Suppose \K(x)\ <c/(1+x2) and g(t)=J1aiK(x)f(t-x)dx. Then
Proof. In (a) and (b) assume />0. The proof for /<0 is, of course, the same.
We use the well known fact that the convolution of a function in L°a nd a function in L\ is also in L\. Therefore The first of these integrals £L" since |j| *2ft(s) ^ 1 and <t>(t)Kk(t)GLl. The second integral G2/° since if we integrate and interchange order of integration we get /". This theorem has a direct generalization to the case k>0 which can easily be proved using the Riesz Theorem on interpolation of linear operators. Recently a generalization of this theorem with an elegant proof has been presented by Calderon and Zygmund [8] . Their result is as follows:
Theorem.
Let Ei and E2 be two measure spaces, with measures jjl and v respectively. Let T be a normed linear operation defined for all simple functions f on Ei. Suppose that T is simultaneously of the types (1/ai, 1/Bi) and (l/a2, l//32), i.e., that \\Tf\\Wl £ Mi\\f\\i,ai, \\Tf\\1W2^M2\\f\\i/ai, the points (ai, /Si), (a2, /32) belonging to the square 0 g |8 g 1, 0 g « g 1. Note that g and h each belong to L%>.
Let £*' =HP'+GP' be the sum of the two spaces, i.e., the space formed by pairs of the form (H+g) where H(E.IIk> and g^Gp>. For a function /GP*', the decomposition into the form H+g is unique and we may define a norm in E*p. by 
